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Introduction
Let fF k g kX0 be the sequence of the Fibonacci numbers defined by
Beresin, Levine, and Lubell [1] then eðkÞ ¼ 0 or 71 for any kX0: Tamura [7] generalized this result by proving the following theorem: Let fR k g kX0 be a linear recurrence of positive integers satisfying
with nX2 and let
Then, if n is even, feðkÞ j kX0g is a finite set; if in addition R k ¼ 2 k ð0pkpn À 1Þ; eðkÞ ¼ 0 or 71 for any kX0: He also showed that Pðg À1 Þ is irrational for any integer g with jgjX2: In the same paper, he studied a Lambert-type series
and proved, using its continued fraction expansion
that Yðg À1 Þ is irrational for any integer gX2: It is conjectured in [7] that PðaÞ and YðaÞ are transcendental for any algebraic number a with 0ojajo1: We note that the transcendency of PðaÞ; and even the algebraic independence of the values of PðzÞ at distinct algebraic numbers, can be deduced from Theorem 5 in [9] : Let a 1 ; y; a r be algebraic numbers with 0oja i jo1 ð1piprÞ such that none of a i =a j ð1piojprÞ is a root of unity. Then Pða i Þ ð1piprÞ are algebraically independent. In this paper we prove the algebraic independency of the values at algebraic numbers of YðzÞ defined by a linear recurrence which is more general than fR k g kX0 : Such values can be reduced to those of Mahler functions of several variables, which satisfies a more general type of functional equation than that discussed in [9] , so that we need new techniques in this paper to treat these functions.
Let fa k g kX0 be a linear recurrence of positive integers satisfying
where c 1 ; y; c n are nonnegative integers with c n a0: For any kX0; let N k be the greatest common divisor of n consecutive terms a k ; a kþ1 ; y; a kþnÀ1 : We define a polynomial associated with (1) by
Theorem. Let fa k g kX0 be a linear recurrence satisfying (1) . Suppose that fa k g kX0 is not a geometric progression. Assume that Fð71Þa0 and the ratio of any pair of distinct roots of FðX Þ is not a root of unity. Define
Let a 1 ; y; a r be algebraic numbers with 0oja i jo1 ð1piprÞ: Then f ða 1 Þ; y; f ða r Þ are algebraically dependent if and only if there exist some kX0 and distinct i; j ð1pi; jprÞ such that a
Remark 1. Theorem with r ¼ 1 implies that f ðaÞ and so in particular YðaÞ is transcendental, since the characteristic polynomial X n À ðX nÀ1 þ ? þ 1Þ of fR k g kX0 is irreducible over Q and its roots r 1 ; y; r n satisfy r 1 414 maxfjr 2 j; y; jr n jg (cf. Lemma 10 in [6] ) and so, by Remark 1 in [8] , none of r i =r j ðiajÞ is a root of unity, which means that Theorem can be applied to YðzÞ: Thus, both of the Tamura's problems mentioned above has been completely settled.
As a corollary of Theorem, we find a new class of functions each of which takes algebraically independent values at any given distinct algebraic numbers different from zero.
Corollary. Let fa k g kX0 be as in Theorem. Suppose in addition that N k ¼ g:c:d:ða k ; a kþ1 ; y; a kþnÀ1 Þ ¼ 1 for any kX0: Let f ðzÞ be the function of the variable z defined by (3) and let a 1 ; y; a r be algebraic numbers with 0oja i jo1 ð1piprÞ: Then f ða 1 Þ; y; f ða r Þ are algebraically independent if a 1 ; y; a r are distinct. 
Lemmas
Let F ðz 1 ; y; z n Þ and F ½½z 1 ; y; z n denote the field of rational functions and the ring of formal power series in variables z 1 ; y; z n with coefficients in a field F ; respectively, and F Â the multiplicative group of nonzero elements of F : Let O ¼ ðo ij Þ be an n Â n matrix with nonnegative integer entries. Then the maximum r of the absolute values of the eigenvalues of O is itself an eigenvalue (cf. [2, Theorem 3, p. 66]). If z ¼ ðz 1 ; y; z n Þ is a point of C n with C the set of complex numbers, we define a transformation O :
We suppose that O and an algebraic point a ¼ ða 1 ; y; a n Þ; where a i are nonzero algebraic numbers, have the following four properties:
(I) O is nonsingular and none of its eigenvalues is a root of unity, so that in particular r41: Lemma 2 is essentially due to Kubota [3] and improved by Nishioka [5] . In what follows, C denotes a field of characteristic 0. Let L ¼ Cðz 1 ; y; z n Þ and let M be the quotient field of C½½z 1 ; y; z n : Let O be an n Â n matrix with nonnegative integer entries having property (I). We define an endomorphism t : M-M by f t ðzÞ ¼ f ðOzÞ ðf ðzÞAMÞ and a subgroup H of L Â by
Lemma 3 (Kubota [3] , see also Nishioka [5] ). Let f i AM ði ¼ 1; y; mÞ satisfy
where a i AL Â ; b i AL ð1pipmÞ: Suppose that a i ; b i ð1pipmÞ have the following properties: Lemma 5 (Tanaka [9] ). Let O be an n Â n matrix with nonnegative integer entries which has property (I). Let RðzÞ be a nonzero polynomial in C½z 1 ; y; z n : If RðOzÞ divides RðzÞz I ; where IAN n 0 ; then RðzÞ is a monomial in z 1 ; y; z n :
Lemma 6. Let PðzÞ be a nonconstant polynomial in z ¼ ðz 1 ; y; z n Þ with nX2: Let O be an n Â n matrix with positive integer entries which has property (I This completes the proof of the lemma. & Let fa k g kX0 be a linear recurrence satisfying (1) and define a monomial
which is denoted similarly to (4) by
Let O be the matrix defined by (5) . It follows from (1), (4), and (7) that
?z a k n ðkX0Þ:
Lemma 7 (Tanaka [9] ). Suppose that fa k g kX0 is not a geometric progression. Assume that Fð71Þa0 and the ratio of any pair of distinct roots of FðX Þ is not a root of unity. Let % C be an algebraically closed field of characteristic 0. Suppose that GðzÞ is an element of the quotient field of % where O is defined by (5), p40; qX0 are integers, and Q k ðX ÞA % CðX Þ ðqpkpp þ q À 1Þ are defined and nonzero at X ¼ 0: If GðzÞA % Cðz 1 ; y; z n Þ; then GðzÞA % C and Q k ðX ÞA % C Â ðqpkpp þ q À 1Þ:
Proof of Theorem
Proof of Theorem. First, we prove that if a
for some k 0 X0 and distinct i 1 ; i 2 ð1pi 1 ; i 2 prÞ; then f ða i 1 Þ and f ða i 2 Þ are algebraically dependent. We see by (1) that N k 0 divides a k for any kXk 0 : Hence, if a
for any kXk 0 ; so that
which means that f ða i 1 Þ and f ða i 2 Þ are algebraically dependent. Next we prove that if f ða 1 Þ; y; f ða r Þ are algebraically dependent, then there exist some kX0 and distinct i 1 ; i 2 ð1pi 1 ; i 2 prÞ such that a
: Suppose that f ða 1 Þ; y; f ða r Þ are algebraically dependent. There exist multiplicatively independent algebraic numbers b 1 ; y; b s with 0ojb j jo1ð1pjpsÞ such that
where z 1 ; y; z r are roots of unity and e ij ð1pipr; 1pjpsÞ are nonnegative integers (cf. [4, 5] ). Take a positive integer N such that z N i ¼ 1 for any i ð1piprÞ: We can choose a positive integer p and a sufficiently large integer q such that a kþp a k ðmod NÞ for any kXq: Let y jl ð1pjps; 1plpnÞ be variables and let y j ¼ ðy j1 ; y; y jn Þ ð1pjpsÞ; y ¼ ðy 1 ; y; y s Þ: Define
;
where PðzÞ and O are defined by (6) and (5) we see that
and so
Hence the values g i ðbÞ ð1piprÞ are algebraically dependent. Let
where p is replaced by its multiple such that all the entries of O p are positive. (We can choose such a p: For the proof see [8] .) Then each g i ðyÞ satisfies the functional equation 
